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Abstract 


We give how to calculate the vacuum stability conditions of scalar 
potential for two Higgs doublet model with explicit CP conservation. 
Moreover, the analytical sufficient and necessary conditions are ob- 
tained. The argument methods are first used to study the tensor with 
two parameters. 
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1 Introduction 


The stability model of multi-Higgs potential is very noticeable in par- 
ticle physics community, and such a model itself was first proposed by 
Lee [1] for the two-Higgs-doublet model (for short, 2HDM) in 1973. 
Weinberg [2] gave a general model of multi-Higgs potential in 1976. It 
xv was studied in hundreds of papers since then, one of the simplest ex- 
-— tensions of the standard model is the 2HDM. There are many studies 
on the bounded from below (for short, BFB) or the vacuum stability 
conditions of the 2HDM potential, including CP conservation and CP 
violation. These results are different kinds of analytical conditions of 
the vacuum stability of such a potential, for examples, 2HDM with 
CP conservation in Refs. [3-9], the most general 2HDM in Refs. [3,6], 
2HDM with CP conservation and CP violation in Ref. [5, 6, 10, 11], 
2HDM handled numerically [12] and others references that are no 
cited here. For the tree-level metastability bounds of the most gen- 
eral 2HDM see Ref. [13]. Recently, H. Bahl et al. [14] presented an 
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analytically sufficient condition of the vacuum stability of 2HDM with 
CP violation. However, there are not a simple analytical expression 
in the vacuum stability conditions even for 2HDM until now. In this 
paper, we will try our best to give a argument technique to solve this 
problem, and provide a simple analytical expression (Theorem 1) of 
the vacuum stability for 2HDM with CP conservation. 

It is well-known that for the 2HDM with explicit CP conservation, 
all couplings of the Higgs potential are real [1,3,10,13]. The scalar 
potential of such a 2HDM with Higgs doublets ©, and ® is 


Vi (®1, #2) =V2(®1, P2) + Vs(@1, 2) 
V2(®1, ®2) =mi |81|? + m3282] — mip (®7 H2 + P381) 


Va(®1, Ba) =A1 |81|" + Ag|®o|4 + Ag]®,|7|G.|? 


+ Ag(®7@2)(@56)) + z (eia) + (#381)"] 
+ A6|®1| (PiP + P381) 


+ Az|®2|?(®] G2 + P381), 


where ®* is Hermitian conjugate of ®. The stability (the BFB) of the 
scalar potential in the 2HDM is considered only the non-negativity of 
the quartic part V4 [10], i.e., V4(®1, ®2) > 0. 

In this paper, with the help of the corresponding theory and meth- 
ods of higher order tensors, we mainly present the sufficient and nec- 
essary conditions of the vacuum stability for the 2HDM potential with 
explicit CP conservation. That is, our main result is the following: 


Theorem 1. Let A; > 0, Ag > 0. Then V4(®1, ®2) > 0 if and only if 
(1) Ag = A7 = 0, A3 + 2V A142 > 0,A3 + Ag — |As] + 2V A142 > 0; 
(2) A> 0, A3 + 2y A42 2 0, 

|As V42 — A7 V Ay] < 24 MAa(As + A4 + A5) + 2414o V A1 A9, 
(i) = 2y AA < Ag+ A4 + As < 6V A149, 

(ii) Ag + A4 + As > 6V Ay As and 

|As V Ag + Ay Ai] < anf ArAo(As + A4 + As) — 24142 V A1 A0, 


where A = 4(12A1 A2 — 124647 + (43 +44 +45)?)’ — (7T2A1A2(43 +44 + 
Ag) +364A64A7(A3 +44 +A5)—2(A3 +44 +45) — 1084142 — 1084243)?. 


2 2HDM potential and Real tensors 


In order to show our main result, we need turn the polynomal V4(®1, ®2) 
about two complex variable into a 4th order symmetric real tensor, and 
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then, use some conclusions of tensors to prove our conclusion. 
Let dp=|®,|, the modulus of y for k = 1,2. Then 


FD, = pippe” and 036, = pippe", 


here i? = —1 and p € (0, 1] is the orbit space parameter [7,11]. So, we 
have 


Va(®1, D2) =Aid} + Aods + A3703 + Aap? Hiei 

+ 35 (6Rogp%e2? + 670302) 
+ Nod (Gid2pe” + did2pe—”) 
+ A7$53(Pidope” + pipape™) 

=Ai 7 + A203 + A307103 + Asp? oi 65 
+ Asp pz cos 20 + 2Agd? 2p cos 0 + 2A7G341p cos 0 

=M] + A203 + (Ag + Aap? — Asp?) 793 
+ 2A5 7763 cos? 6 + 2Agpd}d2 cos 0 + 2A7pG3¢1 cos 0. 

Let x = cos 0. Then x € [—1, 1] and 
Vi(®1, Bo) =Ar gt + A203 + (Ag + Aap” — Asp?) ¢7 65 


+ 2hspPOPR2? + 2p(hod + Ard )brdae. P 
This defines a 4th-order 2-dimensional symmetric tensor A(p, £) = 
(aijxt) With a parameter p and z: 
1111 =A1, @2202 = Ao, 
41122 =i [As + Aap? + Asp*(2a? — 1)], (3) 


1 1 
1112 =5Acpe, 41222 = Aree. 


So the vacuum stability (or the BFB) of the system Vy (®1, ®2) may 
turn into the co-positivity of a 4th-order tensor A(p, x). 

The positive definiteness and the co-positivity of a 4th order sym- 
metric tensor are applied to deal with the vacuum stability conditions 
of the particle physics model in Ref. [7]. Recently, In Refs. [15-19], 
the distinctly sufficient conditions were given for the co-positivity of 
4th order 3-dimensional symmetric tensors, which may be used to the 
vacuum stability conditions of scalar potential of the particle physics 
model. 


3 Co-positivity of Matrices and Tensors 


The co-positivity of a matrix M = (m,,;) is used to verify the vacuum 
stability of the particle physics model in Refs. [7,8]. A symmetric 
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matrix M = (mj;) is co-positive if the quadratic form «'Ma > 0 
for all non-negative vectors x € R”. The co-positivity of a 2 x 2 
symmetric matrix M = (m,;) was showed in Ref. [20, Lemma 2.1], 
also see Hadeler [21, Theorem 2] and Nadler [22, Lemma 1] for more 
details. A 2 x 2 symmetric matrix M = (m,;) is co-positive if and only 
if 

mi > 0, M22 = 0 and M2 + /M11M22 > 0. 

The co-positivity of a symmetric tensor is tried to test the vac- 
uum stability of the particle physical model in Ref. [7]. A mth-order 
n-dimensional symmetric tensor T = (ty,...:,,)(¢; = 1,2,...,n,j = 
1,2,...,m) is co-positive [24-28] if the quartic form Tx” > 0 for all 
non-negative vectors x € R”, where x = (£1, £2,*** £n)! and 

n 
Tx™ =x! re) = 5 E Bey Bigs 
iim =1 
Tx”! = (y1, Y2;,*** Ym)! is a vector with its entiries 
n 
=o") = 5 İkiz- -imiz Bim 
iz im=1 

Let f(x,y) be a quartic homogeneous real polynomial about two 

variables x,y, 


f(z, y) = agx* + ayxy F azz? y? + azry’ + aay’. (4) 


Then it gives a 4th-order 2-dimensional symmetric tensor T = (tj;x1) 
with its entires, 


1 1 1 
ti111 = Q0, t2222 = aa, t1122 = 60 t1112 = ql t1222 = 1 


Assume that aọ > 0 and a4 > 0. In Ref. [16], the co-positivity of the 
above tensor T was proved (also see Refs. [29,30]). 


Lemma 1. /16, Lemma 3.1] Let ao > 0 anda, >0. Then f(x,y) > 0 
for alla > 0, y => 0 if and only if 


(1) A <0 and aiaa + a3,/a9 > 0; or 

(2) a, = 0, a3 > 0 and 2,/apa4 + az > 0; or 

(3) A > 0, |a1./aa — a3,/ao| < 4\/apa2a4 + 2aga4,/aga4 and 
(i) —2,/agag < az < 6,/anaa, 
(ii) az > 6\/aoa4 and 
aı /a4 + a3,/A9 = —4y/anaza4 — 2apa4,/aoa4, 
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where A = 4(12a9a4 — 3a1a3 + aż) (72agaza4 + 9a1a2a3 — 2a3 — 


27a9a% — 27a?a4). 


4 Vacuum stability conditions 


In this section, we mainly give the vacuum stability conditions of the 
2HDM with explicit CP conservation. That is, how to logically estab- 
lish our main result, Theorem 1. 


The quartic part (2) of such a CP conserving two-Higgs-doublet 
potential may be rewritten as follow 


V4(®1, ®2) =2A5p7676527 + 2p( Ago] + A7b3)o1G2% 
+ Aid} + A203 + (A3 + Asp? — Asp”) 0793. 


If Qı > 0, 2 =0 (or Qı = 0, h2 > 0), then Vi (®1, ®2) = Agi (or 
A2¢3). Without loss of generality, we may assume A; > 0, Ag > 0, 
ġı > 0, ¢2 > 0 in the sequel. Let 


A = 2Asp"¢i¢5, B = 2p(Agdt + A7o3)¢1¢2, (5) 
C = Aydt + A203 + [Ag + (Aa — As) p7] 6765. (6) 


Then, V4(®,, 2) may be seen as a quadratic function f(x) about a 
variable x € [—1, 1], 


f(x) = Vx(®1, 62) = Ax? + Bz +C. (7) 

So, if A > 0, then as you can see from the image below, the function 
2 

f(z) attains its minimum 4495" at a point x = —4% € [-1,1] or 

attains its minimum A +C + B at a point z = +1 (~ ¢ [-1,1)). 


At that time, the graph-like of f(a) is as shown below: 


Figure 1: Graph of f(x) (A > 0) 


If A <0, then f(x) attains its minimum A — B+C or A+B+C ata 
point x = —1 (B > 0) or x = 1 (B < 0). At that time, the graph-like 
of f(x) is as shown below: 
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Figure 2: Graph of f(x) (A < 0) 


So the following conclusions is easy to be obtained. For detail proof, 
see Appendix. 


Proposition 2. Vy(®1, ®2) > 0 if and only if 
4AC — B? > 0,—2A < B < 2A, 


A-B+C20, 
A+B+C2>0. 


Proposition 3. 4AC — B? > 0 and —2A < B < 2A for all ġı > 
0, %2 > 0 if and only if Ag = 0, A7 = 0, A5 > 0, 


Ag + Aq — As + 2V A1 Ao > 0, Ag + 2V Aj Ao > 0. 


It follows from the equations (5) and (6) that 


A+ B+C =2A5p7 9163 + 2p(Aod7t + A7d3)b1b2 

+ Aid} + A203 + [As + (Aa — As) 0719763 
=(A4 + As)$765p? + 2(Ao di + A7$3)b1¢2p 
+ Aidt + A203 + Aio 


=ap +bp +c, 
where 
a = (A4 + As5)¢7¢3, b = 2(Acd? + A7¢5)¢1¢2, (8) 
c= Aid} + A203 + Asdids. (9) 


For p € [0,1], Let 


s(p) = ap? + bp +c and t(p) = ap? — bp + c. (10) 
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So, if a > 0, then the function s(p) reaches its minimum a at a 


point p = —% € [0,1], or attains its minimum c (or a + c + b) at a 
point p = 0 (or 1) (-% ¢ [0,1]). At that moment, the graph-like of 
quadratic function s(p) is illustrated by the following image: 


Figure 3: Graph of s(p) (a > 0) 


If a < 0, then s(p) attains its minimum c or a+b+c at a point p = 0 
(-£ > $) orp=1(-# < $); ifa = 0, then s(p) attains its minimum 
cor b+c at a point p = 0 (b> 0) or p=1 (b < 0). The graph-like of 
s(p) is as shown below: 


Figure 4: Graph of s(p) (a < 0) 


Similarly, if a > 0, then the function t(p) reaches its minimum 
doe at a point 2 € [0,1], or attains its minimum c (or a+ c+ b) at 
a point p = 0 (or 1) (È ¢ [0,1]). The graph-like of t(p) is the image 


below: 
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Figure 5: Graph of t(p) (a > 0) 


if a < 0, then ¢(p) attains its minimum c or a — b + c at a point p = 0 
(2 > 4) or p=1(£ < §); if a = 0, then t(p) attains its minimum c 
or —b + c at a point p = 0 (b < 0) or p = 1 (b> 0). The graph-like of 


t(p) is the following: 


Figure 6: Graph of t(p) (a < 0) 


So the following conclusions is easy to be obtained. For detail proof, 
see Appendix. 


Proposition 4. (1) A+ B+C>0 if and only if 
tat? > 0, —2a < b < 0; 


c > 0; 
a+b+c>0. 
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(2) A—~-B+C>0 if and only if 


auc > 0,0 < b < 2a; 
c > 0; 
a—b+c>0. 


Proposition 5. (1) c> 0 if and only if 
Ay > 0, A2 > 0, A3 + 2/7 A142 > 0. 


dac- b? . . 
(2) -ua 2? and —2a < b < 0 if and only if Ag+ As > 0, 


Ag = 0, A7 = 0, A; > 0, Ag > 0, A3 + 2y Ay Ag > 0. 


dac — b? 
(3) jg 2? and 2a > b> 0 if and only if A4 + As > 0, 


Ag = 0, A7 = 0, Ay > 0,42 > 0, A3 + 2V A142 >0. 


Next we show a +b + c > 0 for all ¢; > 0, ¢2 > 0. 
Proposition 6. a— b+ c> 0 for all ġı > 0, ¢2 > 0 if and only if 
(1) A < 0, AgVAo + A7VAı < 0; 

(2) As < 0, A7 < 0, A3 + A4 + As + 2A Ao > 0; 

(3) A= 0, 

[As VA — Az /Aq| < 2V A142(43 + Ag + As) + 2A, AoVAi Ae and 
(i) -ayia < Ag + Aa + As < by Ar, 
(ii) Ag + Ag+ As > 6VM Ag and 
Asvi + A7VRy < 2V MAo(As + A4 + As) — 24142 V Ai Ag, 


where A = 4(12A1 A2 — 124647 + (43 +44 +45)?)3 — (72A,A5(A3 +Aqg+ 
As) +36AgA7(Ag3+Aa+As)—2(A3+Aqg+As)? — 108A, A2—108A2A2)?. 


Proof. From the equations (8) and (9), it follows that 


a—b+c=Ai$} + A203 + (A3 + Aa + As) 6765 
— 2A647192 — 2470391 
=f ($1, 62) = aod} + a1did2 + a2 65 + a36163 + 403, 
where ap = Ay, a, = —2Ag6, a2 = A3 + A4 + As, a3 = —2A7, ag = Ao. 
Then an application of the co-positivity of quartic form (4) (Lemma 


1) yields that the sufficient and necessary conditions of the inequality 
a—b+c>0Ois 


(1) A< 0, —2A6 V2 — 2A7V Ao > 0; 
(2) —2A6 > 0, —2A7 > 0, As + A4 + As + 2A AQ > 0; 


(3) A> 0, 
|\2NgV/ Ao — 2A7vVAıl| < Ay/ Ay Ao(A3 + Ag+ As) + 214o V A19 and 


(i) —2VArA2 < As + A4 + As SG, 


(ii) A3 + A4 +45 > 6/ A, Aa and 
—2A6 VAa — 2A7V M > -4y M A2(A3 + Ag + As) — 2A Ao Ai Ag. 


The required conclusions follow. 


Similarly, the following conclusion is easy to be showed. 
Proposition 7. a+b+ c> 0 for all ¢, > 0, ¢2 > 0 if and only if 
(1) A <0, AgVAg + Azv > 0; 

(2) As = 0, A7 > 0, Ag + Aq + As + 2A, AQ > 0; 


(3) A>0, 
|As vA = Ary Ay | < 24/1 Ao(A3 + Ag + As) + 2A, Avy Ay Ao and 


(i) —2V MA3 < A3 + Ag+ As < 6VAjAg, 
(it) A3 + Ay + As > 6/ A, Ao and 


As VA + A7VMq > —2,\/ Ai A2(Az + Ag + As) — 2A, A2 VA Ag. 


Combining Propositions 4 (1) with Propositions 5 and 7, the fol- 
lowing results are easy to obtain. 


Proposition 8. A+ B+C > 0 for all ¢, > 0, ¢2 > 0 if and only if 
A3 + 2y Ay Ag > 0 and 


EEEE E 

(2) A < 0, As VA2 + A7 VA > 0; 

(3) Ag > 0, A7 > 0, Ag + Ag + A5 + 2VMA; > 0; 

(4) A>0, 
[Ng V/Aa — ArV/Mi| < 2) ArAo(As + Aa + As) + 2A1.Ao V/A An, 
(i) = 2V MA2 < Ag + Ag + As < 6V/Ai Ag, 


(it) Ag + Ag+ As > 6Y Ay Ag and 
As vV A2 + A7vW Ai > —2y/ Aai +44 + A5) — 24142 V A1 Ag. 
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Simultaneously applying Proposition 5 and Proposition 6 to Propo- 
sitions 4 (2), the following results are easy to obtain. 
Proposition 9. A — B +C > 0 for all ġı > 0, ¢2 > 0 if and only if 
A3 + 2y Ay Ao = 0 and 


(1) Ag = A7 = 0, A4 + As > 0; 

(2) A < 0, A6 VA + A7 VA; < 0; 

(3) Ag < 0, Ar < 0, Ag + A4 + As + 2V MA > 0; 
(4) A>0, 


lAs VAa — Ar/Aal < 2 ArAo(As + Aa + As) + 2A1A0V/ Aaa, 
(i) = < Ag + Ag + As < 6/Ai Aa, 

(it) Ag + A4 +45 > 6y Ay Ag and 

Ne/Ba + Arv/Ma < 24 Ar Aa(Ag + Aa + Ag) — 2ArAoV/Ai Ao. 


By combining Propositions 2 with Propositions 3, 8 and 9, we easily 
showed our main result, Theorem 1. 


The proof of Theorem 1. It follows from Propositions 2 and 3 that 
Viz(®1, 2) > 0 if and only if 


Ag = A7 = 0, A5 > 0, Ag + Ag — As + 2V A1 Ao > O, 
A3 + 2/ A; Ag > 0; 


A-B+C>0; 
A+B+C>0. 


Propositions 8 (3) and 9 (3) mean that 


Ag = A7 = 0, A3 + 2V Ai Ag = 0, A3 + Ag + As + 2/ Ai Ag > O; 


Propositions 8 (1) and 9 (1) imply that 


Ag = A7 = 0, A3 + 2V Ay Ag > 0.A3 + Ag + As + 2V A149 > 0, 
The above several inequalities together is equivalent to 


Ke = A7 = 0, Ay + 2VAA > 0, A3 + 44 — |As] + 2V MA3 > 0. 


This obtain (1) of Theorem 1. 
The two inqualities A — B + C > 0 and A + B +C > 0 imply that 
there is contradiction between Proposition 8 (2) and Proposition 9 (2), 
and so, it can not hold. 
By Propositions 8 (4) and 9 (4), (2) of Theorem 1 follows easily. 
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5 Conclusions 


In summary, we prove the analytical sufficient and necessary conditions 
of the vacuum stability conditions of 2HDM potential with explicit CP 
conservation. At the same time, for a 4th-order 2-dimensional sym- 
metric tensor A(p, x) = (aijki) (3) with two parameters p € [0,1] and 
x € [—1,1], the co-positivity is proved. Which first gives a argument 
methods to study the tensor with two parameters. 


6 Some remarks 


When Ag = A7 = 0, Theorem 1 coincides with the corresponding con- 
clusions of Refs. [3,9,11] and other references not cited here. 


Recently, Bahl et al. [14] gave a stronger sufficient conditions (Eqs. 
(43) and (44)) of the vacuum stability of CP conserving 2HDM poten- 
tial with the constraint Ag/VA2 = A7VAj1 using Ulrich and Watson’s 
result (Eq.(30)) [30]. In this paper, we use the optimizing version 
(Lemma 1) of Ulrich and Watson’s result to yield the analytic expres- 
sion of the vacuum stability. For the more details about Lemma 1 see 
Refs. [16, 29]. 


In terms of the eigenvalues of a 4 x 4 matrix, Ivanov [6] gave the 
sufficient and necessary conditions of the vacuum stability of CP con- 
mu serving 2HDM potential, but not analytic. Our conclusions is analytic 
s in this paper. 


e Our work also first applies the successive removal parameter method 
to study the properties of a symmetric tensor with multi-parameters, 
— which deserves further study and perfectness. 
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Appendix 
The proof of Propositions 3. From the equation (5), it follows that 


B — 2A = 2(A6¢7 + A7¢5 — 2A5p¢1¢2)p1¢2, 
B + 2A = 2(A6¢7 + A743 + 2A5p¢1¢2)p¢142, 


and hence, 


B — 2A < 0 & —A6¢1 — A7d5 + 2Aspdbide > 0, 
B+2A>0& Nog} + A703 + 2A5po192 = 0. 


Thus, B — 2A < 0 is equivalent to the co-positivity of a matrix M = 
(Mij) with its entries mıı = —Ag, M22 = —Az,mj42 = M21 = Asp. 
From the co-positivity of 2 x 2 matrix, it follows that 
B-2A< 0S Ag < 0, A7 <0 and Asp + y Ag Az > 0. 
Similarly, we also have 


B +2A > 0 & Ag >0,A7 > 0 and Asp + V A647 > 0. 


Thus, the inequalities —2A < B < 2A imply that Ag = 0, A7 = 0, A5 > 
0, i.e., B = 0, A > 0, and so, the inequality 44C — B? > 0 means that 


C = Moi + A243 + [Ag + (Aa — As) p7]6763 > 0. 


which is equivalent to the co-positivity of 2 x 2 matrix M = (mj,;) with 
its entries, 


1 
mi = Aq, M22 = Ag, mig = M21 = zA + (Ag — A5)p°]. 


That is, Ag + (Aq — As)p? + 2V M Ag > 0. Therefore, this is equivalent 
to 
As + A4 — A5 + 2V MAg > 0, 


As + 2V A142 > 0. 


The required conclusion follows. 
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The proof of Propositions 5. (1) It is obvious that 


is 


c= Aidt + Ag + Astez > 0, 
equivalent to 


A > 0,42 > 0, A3 +2V A142 > 0. 


(2) It follows from the equations (8) that 


b+ 2a = 2(A6¢? + A702 + (Aa + A5)d1¢2)01¢2, 


2a — b = 2(—Ag db} — A702 + (Aa + As) 162) 6102, 


and hence, 


b+ 2a > 0 A607 + A7023 + (A + A5)¢1ġ2 > 0, 
b < 0 &A607 + Ard < 0. 


So, we have 


b + 2a > 0 &4A6 > 0, A7 > 0, (A4 + As) + 2V A647 > 0, 
b < 0 &A6 < 0, A7 < 0, 


and hence, Ay + As > 0, Ag = 0, A7 = 0, i.e., b = 0. Clearly, if a Æ 0, 
then 


4ac — b? 
4a 
Similarly, (3) is also showed easily. 


>08 c>0. 
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